MuaucrapcTrBo Ipocsere, HayKe U TEXHOJIOIMIKOr pa3Boja
9
JlpymTBo marematuuapa Cpouje

OIIIITVHCRKO TAKMUYEILE I3 MATEMATURE
YUEHNKA CPEIIHLUX HIKOJIA

19. jamyap 2019.

IlpBu paspem — A rareropuja

Hexra cy AAg, BBy u CCy Bucune NABC, a H meros oprouentap. Axko cy M u N cpe-
numra qy:xu AAg u CCy, norazatu na tauke M, N, By u H nexe Ha UCTOj KPYyKHUIIN.

Hahwu cBe mapose peasnnux 6GpojeBa a u b TakBe na 3a CBe peajiHe OpoOjeBe T U Y BAKU
jemHaKoCT
laz + by] + b + ay] = (a+b)|o +y).

(3a peasan 6poj t, ca [t| o3nauasamo majsehu meo Gpoj xoju muje Behm on t.)

IlokasaTu ga ce y NpaBUJIHOM OCMOyTay AyAsA3Ay4AsAgArAg nujaronane Ay Ag, AsAz
u AsAg Cery y jelHO] TauKu.

Hahu cBe mpuponne 6pojese n takse ma cy n—4, 2n+ 2 u 4n + 1 normynu Ky0OoBU.

Y momynapuoj urpu ,Munonosain* Ha HekuM mossuma tabie a X b (a,b € N) mamasze
ce MUHe, & Ha CBAaKOM I[PEOCTAJIOM IIOJbY je YOUCAH OpPOj HmeMy CYCeNHMX IO0Jba Ha
KojuMa cy MuHe (IO CyCeNHUM IOJbMMa IOAPAa3yMeBaMO II0Jba KOja uMajy Gap jemHo
3ajemanuro Teme). VlcnuraTy ma sgu moctoje GpojeBu a u b 1 pacmopen MuHA Ha TabaIn
a x b rakBu ma tavsHo 2019 mospa HeMajy MUHY U Oa je HA CBUMa HUMa YIUCAH OPOj:

Bpewme 3a pan 180 munyTa.
Pemema 3amaraka merasHO 00pa3I0KUATH.
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OIIIITVHCRKO TAKMUYEILE I3 MATEMATURE
YUEHNKA CPEIIHLUX HIKOJIA

19. jamyap 2019.

Ilpyru paspem — A kareropuja

OppennTu MakCUMAJHY BPEAHOCT U3Pa3a
|82% — 22 — 3|

Ha nHTepBasy z € [0, 1].

ITocToju nmu GecroHAaUYaH HU3 TPUPOIHUX OpPOjeBa KOjU Cy CBU MOTIYHU KBAaAPATHU, U
CBaKM 4jaH TOT HU3a moueB on Tpeher je jemnak 36upy mperxomna asa?

Kpyxuuna je ynucanma y jemmaxokpaku tpamne3 ABCD u momupyje ocuosuity CD y
taukn L, a kpake BC u AD y taukama K u M, pemom. Y kojoj paszmepu mnpasa AL
neau my:x MK?

OppenuTu cBe KOMILJIEKCHE OpPOjeBe z M W TAKBE Na BarKU

|22 + 2w +W = 2+ 6i u |w|* + 7w + 2z = 2 — 4i.

HazoBumo xpcmom tabay cavummeny on yuuje jemne tabise a X 1 u jemme tabae 1 X b
KOje MMajy TadHo jenHo 3ajemuumuko mose (a,b € N). Ckyn Hekux mosma Takse Tabie
Ha3UBaMO N08E3aHa 004aCM aKO Ce M3 CBAKOI IOJba ¥ TOM CKYILy MO:ke mohu mO ¢Bakor
apyror nosma kpehiyhin ce camo mo cycemuum mossuma yHyTap yodeHOr Ckyma (I1ofx
CyCeQHUM IIOJbUMA II0APA3yMEBAMO IOJ/bA KOja UMAjy 3ajeAHUYKY CTPAHUIYY). 3& 3a1aT
npupoman 6poj n, oapenuTu OPOj HaumMHA HA KOje ce 6pojeBu 1,2,...,n MOrYy yIuCaTH
y HEKM KPCT ca n modba (KPCT HUje yHAupen UKCUpPAaH), CBAKA OpPOj Y TAUHO j€XHOM
HoJBy, y3 yCJIOB Ha 3a cBako k, k € {1,2,...,n}, moma y kojuma cy ymucasu 6pojeBu
1,2,..., k unHe moBe3aHy 06GJACT.

Bpewme 3a pan 180 munyTa.
Pemema 3amaraka merasHO 00pa3I0KATH.
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19. jamyap 2019.

Tpehu paspen — A kareropuja

Ha jemHOoM on mceuaka fojie mpuka3aH je Oeo T-OCe U rpaduka (yHKIUje

tgxr +ctgar — 2

@)= 4a2 —Tx + 3

Koju je To uceuax?

s

Y AABC taura D je cpemumre crpanune BC. Taurka P Ha nysxu AD je TakBa na Baku
CP = AB. Ilpasa CP ceue ny:x AB y tauku Q. Horazatu: AQ = PQ.

Heka cy k, n u d npupomau 6pojesu. Osmaummo ca Ay 6poj k-topru (ai,as,...,ax)
nesiux OpojeBa TAKBUX N4 BayKU

nza =2a=...2a, =0 u a1 +as+ -+ ap =d.

Osmaummo ca By 6poj k-topru (b, ba, ..., b;) HEHeraTUBHUX IeaUX OpOjeBa TAKBUX 14
BasKU
bi+bo+--+b,<n u by + 2by + -+ + kb, = d.

IHora3zaTn:

Aq = Bg = Bn—q.

Iartu cy paszauyutu npupomHu OPOjeBU ai,ds,...,G100- 3a ¢ = 1,2,...,100, 6poj b;
je mobujen momaBameMm OpOjy a; HajBeher 3ajemuuuror menauona ocraaux 99 Gpojesa.
Komnuko najmame mehy GpojeBuma b; MO:ke OUTU Pa3IUUYUTUX ]

a) JlokazaTu ma mOCTOju GECKOHAYHO MHOIO NPUPOAHUX OpOjeBa KOjU Ce HE MOTy
MPenCTaBUTU Y ODJIUKY
T
i +q
3a Heke mpocrte Opojese p, q U T.

b) IlokazaTy ma MOCTOjU CAMO KOHAYHO MHOTO IPUPOTHUX OPOjeBa KOJjU Ceé HE MOry
MPENCTABUTU Y ODJIUKY

PP AP

3a HEKU npupomaH O0poj ¢, ¢ > 1, u Heke mpocTe OpojeBe pi1,Pa, ..., P;-

Bpewme 3a pan 180 munyTa.
Pemema 3amaraka merasHO 00pa3IOKATH.
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YerBpTH paszpen — A kareropuja

Y rerpaenpy ABCD Bucuna u3 temena D manma y ymyrpammoct AABC, a mmo-
cau ADAB, ADAC n ADBC 3aknamnajy ¢ mmocau AABC mebycobuo momymnapue
muenapcke yriose. Axo Baxu P(AABC) = 21, P(ADAB) = 15, P(ADAC) = 13 n
P(ADBC) = 14, uspauynaru 3anpemuny rerpaenpa ABCD.

Osumaunmo 6poj mudapa 6poja n y mexannom 3amucy ca bre(n). a nu mocroju peanna
KOHCTAHTa ¢ TaKBa Ja 34 CBAKU IPUPOJAH OPOj N BAKU:

bre(1) + bre(2) + -+ bre(n) < cn ?

Y meroj 3emmu nmocroju 101 rpan. Csaka nBa rpaja Ccy HOBe3aHa HAjBUIIE j€IHOM
ayToOyCKOM JIMHMjOM, IPU YeMy Cy CBe ayToOycke nuHUje jemnocmepe. M3 cBakor
rpajga m3jaa3ud TadvHO 25 IMHUja Uy CBaKW ynasu tadHo 25. /{okazaTu ma ce m3 CBAKOr
rpaga Moxke cruliu (y3 mpecenama ako je moTpeGHO) y CBAKU APYTU.

Iar je netoyrao ABCDE y kom Basku CD = AB + AFE. Heka cumerpana { BAE ceue
BE y taukn P, meka je () tauka Ha C'D rtakBa na Baxku CQ) = AB, u mera cy X u
Y cpemumra nysxu BC u DE, pecnexkruuo. Heka je T Tesxumre y AAPQ u wexka YT

AZ
ceue AX y tauku Z. Hahnu Zx ¥ ¢yurmmuju on AB u AFE.

Heka cy a, b, ¢, d neneraTuBau peasau 6pojeBu 3a xoje Baku a+b+c+d = 1. O3naunmo

_b2+c2+d2—bc—cd—db
= 3 .

M

IlokasaTu HEjeTHAKOCT

Va+M+Vo+e+Vd<2.

Bpewme 3a pan 180 munyTa.
Pemema 3amaraka merasHO 00pa3I0KATH.
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9
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OIIIITVHCRKO TAKMUYEILE I3 MATEMATURE
YUEHNKA CPEIIHLUX HIKOJIA

19. jamyap 2019.

IIpBu pa3pen — b kareropuja

On mudapa 1,9,0,1,2,0,1,9 tpeba cacrasutu yerBopouudpen 6poj memus ca 3 (cBaky
Py CMEMO KOPUCTUTU OHOJIMKO IIyTa KOJUKO IyTa je HaseleHa). Koju je:

a) majsehwu raras G6poj;

b) uerspTy Hajsehn takas Gpoj?

5
Y wmecry l'opwe 3yne mpusmkom momuca 3019. je 6umio 3 MyIIKapama, a Ol HBUX je

90% 6umno mmabux on 75 rommHa, HOK je KO *KEHCKOr CTAHOBHMINTBa 96% Omio mia-
bux om 75 rommua. Ha cimemehem mommcy 3029. ycranoBsmeHO je ma ce ykynas Opoj
cranoBHuka mosehao 3a 300, mok je O6poj ocoba ca 75 u BuIine roguHa OUO WUCTU KAO
HA MPETXOJHOM IONKCY, AJU Cala MPEICTABbA 7% YKYNHOr CTAHOBHUINTBA. Koauko je
YKYIIHO CTAHOBHUKA nMaJyo l'opme 3yue Ha nperxoanoMm nonucy 30197

Ila nu mocToju Tpoyrao ca cTpaHunaMa a, b u ¢ 3a Koje Baku
a,b,c>2019 u |a]+[b] <|c] ?

(3a peanan 6poj t, ca |t] ozmauaBamo majsehu meo 6poj koju muje sehiu ox t.)

Axo jemua Gesna u qBe IPHE KpaBe HOIACY CBY TPaBy Ha JMWBAIMA 3a D HeJeJba, a TpU Oese
U 4eTUpHU I[pPHE KpaBe MOoNnacy CBY TPaBy Ha JUBAIU 32 2 HeNesbe, 33 KOJUKO HeIesba
he cBy TpaBy Ha suBamu momactu jemHa upHa kpasa? Cmarparum ma kpase mcrte 0oje
macy TpaBy KMCTOM ODP3MHOM, Oa je IMOYeTHA KOJWYWHA TPaBe HA JMBAOU YBEK HCTa, U
Ia TpaBa Ha JUBaAX pacTe PUKCHOM OP3MHOM CBe N0 TPEHYTKa Kal je CKPO3 IOojeneHa.

3a mpaBOYraoOHUM CTOJIOM j€ IOCTABJLEHO OCAM CTOJIAIA, YETUPU C jeaHe CTPaHe U
yeTUpU HACTpaM BUX ¢ apyre crpasne. Ha konmko mHaumma je moryhe pacmopemutu
0OCMOPO TIpHujaTresba 38 OBUM CTOJIOM, a na npuroM Aua m BDane ne ceme jenHo macmpam
npyror, a Becna u Topan cene jemno mopen apyror? (Ilosmaro je ma cBu mpujaTessu
nMmajy mehycobro pazmumuura uMeHa.)

Bpewme 3a pan 180 munyTa.
Pemema 3amaraka merassHO 00pa3IOKATH.
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Ilpyru pa3spen — B kareropuja

Ilokazatu na je 6poj
2013 - 2015 - 2017 - 2019 + 16

NOTIYH KBaapar.

OppenuTu cBe BPEAHOCTU DPEAJHOr mapamMerpa k TakBe Oa BaKU:

(Vo € R)(kx? — 4k + k* + 2k — 3 > 0).

IlBa mpBeta Bucuue 5 u 10 MeTrapa Ccy Ha jeIHAKOM pacTOjamy On ODaHIepe ca YIUIHOM
pacserom. OBa nBa OpBeTa IpaBe CeHke nykuHe 5 u 15 merapa. Kommko je Bucora
Ganmepa?

O,Z[pe,HI/ITI/I CB€ BpPE€OHOCTU pe€aJIHOI' IapaMeTpa a 3a KOje CUCTEM je,HHa.LII/IHa

(z+y)? =12
2> +y?=2(a+1)

Ma Ta4YHO OBa pPeEHOICHa.

Y momynapuoj urpu ,MuaosmoBan“ Ha HekuMm mossuma Tabuae a X b (a,b € N) namaze
ce MUHe, & Ha CBAKOM I[PEOCTAJIOM IIOJbY je yOucaH Opoj HmeMy CYCeNHMUX IOJba Ha
KojuMa cy MuHE (IO CyCeIHUM IIOJbMMa IOAPA3yMEBaMO II0Jba KOja uMajy 0ap jemHo
3ajequunuko Teme). Vlcouratu na snu nocroje 6pojeBu a u b u pacmopen MuHa Ha Tabiu
a X b rakBu ma tauno 2019 moma HeMajy MUHY W A4 je HA CBUMA HUMA yOUCAH OPOj:

Bpewme 3a pan 180 munyTa.
Pemema 3amaTaka merassHO 00pa3I0KATH.
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19. jamyap 2019.

Tpehu pa3pen — b kareropuja

Hahu cBe mese 6Gpojese n 3a koje Baku 0 < n < 90 u

sin 80° + sin 50° — sin 20° = v/2sin n°.

Ha kpary AD tpanesa ABCD usabpana je tauka M. Iloka3aTu ma Opyra 3ajeTHUUKa
tauka N KpyskHUna onucasux oko AABM u ACDM npunana kpaky BC'.

Heka cy a u b upuponau Gpojesu 3a koje Baxku H3(a,b) = 10 u H3(a,b + 2) = 12.
Nzpauyuaru
H3(a,2b) + H3I(a, 3b).

3a mpaBOYraoOHUM CTOJIOM j€ IOCTABJLEHO OCAM CTOJINIA, YEeTUPU C jeTHEe CTPaHe U
yeTUpU HACTpaM BmBuUX ¢ apyre crpasne. Ha konuro mHauuma je moryhe pacmopemutu
OCMOpO TpujaTeba 3a OBUM CTOJOM, a ma nputoMm AHa m Bane ceme jenHo Hacmpam
npyror, a Becna u Topan jemno nopen apyror? (IlosmaTo je ma cBu mpujaremsu umajy
MebhycoBHO pasnuuura rMeHa. )

Hexka cy a, b u ¢ nosutusau peananu Opojesu, a,b,c # 1. Ako Basku
log, 2018 4 log. 2018 = 2log, 2018,

IIOKa3aTH!:

a) log, 2019 + log, 2019 = 2log; 2019;

b) a? = (ac)'oe:’.

Bpewme 3a pan 180 munyTa.
Pemema 3amaTaka merasHO 00pa3I0KATH.
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UerBpTH; pa3pen — b kareropuja

Koawnko nma OpojeBa ca 6ap derupu nmudpe KOju Cy AeJbUBU ca 9 U MOI'Y Ce CACTaBUTU
om mudpapa 1,9,0,1,2,0,1,9 (cBaky uudpy cMEMO KOPUCTUTH OHOIUKO Iy Ta KOJIUKO IyTa
je HaBenena)?

OnpenuTu cBe BPEIHOCTU PEAJHOT mapaMeTpa m 3a Koje jeTHaunHa
(m+1)a% —3mz+4m =0

UMa OB PA3JUYUTA peaiHa pemema Koja cy mputoMm oba Beha om —1.

YerBopoyrao ABCD je MCTOBPEMEHO M TETUBAH W TAHTEHTAH, U NPUTOM 34 HEro-
Be crpanune Baxku AB — CD = BC — AD. Ilokaszatu na je nujaroHasia BD mpednuxk
KpysKHUIlE ommucaHe oko derBopoyriaa ABCD.

OmpenuTu CBe BPEIHOCTM PEAJHOT mapaMeTpa a 3a KOje jenHaumHa
23 — 3az® 4+ (2a* + 5)x —2a* +3 =0

nMa 3 pealiHa pellemha KOja YMHE apUTMETUUYKY IPOTPECH]Y.

Osnaunmo 6poj uupapa Opoja n y mekanHoMm 3amucy ca bre(n). Iokazaru:

bre(1) + bre(2) + -+ + bre(99...99) = 2019-99...99 — 11...11+2019.
2019 oyra 2019 oyra 2019 oyra

Bpewme 3a pan 180 munyTa.
Pemema 3amaraka merasHO 00pa3I0KATH.



MuHuCTapCcTBO IIPOCBETE, HAYKE M TEXHOJIOIIKOT pa3Boja
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OIIIMTNHCRKO TAKMNYEILE N3 MATEMATURKE
YUEHUMKA CPEIIHLUX IITKOJIA

Pemema 3amaTaka

IIpBu pa3pen — A kareropuja

1. Heka je K cpenumre crpanune AC. Tana je KN cpenma nunuja y AAC)C, na saxku KN ||
ACy, 1j. LAKNH = 90°. Anasoruo mobujamo L KMH = 90°, a suamo u {KByH = 90°. Ilakie,
KpyskHUNA Hax npeuraukoMm K H mponasu kpo3 tauke N, M u By, uume je tBpheme mokasano.

2. 3a y = —x, mocrasmenn ycioB ce csomu Ha [(a — b)z]| + [(b — a)z] = 0. Yronuko 6u
OpojeBu a u b OuaM Pa3zaIUIUTH, OBO HE OM OUIO MCIOYHEHO HIP. 33 T = ﬁ (Tama Gu BasKMIIO
[(a=b)z] + [(b—a)z] =[3]+ [—-3] =0+ (—1) = =1 #0). lakne, MOpa BaxuTH a = b, Ia yCIOB
samatka nocraje |a(r +y)| = alz + y|. Bupajyhu 0 <z +y < 1 mobujamo |a(z +y)| =a-0 =0,
onakie caemu 0 < a(z +vy) < 1, makne a > 0.

3a a = 0 3axTeB 3amaTKa OUYUIVIEAHO Basku. IIpermocraBumo cana a > 0. Kako 3a 0<z+y <1
mopa Bazuty |a(z +y)| =alz+y] =0, 1j. 0<a(zr +y) <1, cnemn « +y < 1; obparuo, yrommko Om 2019 1A 1
omabepemo 0 < x+y < L, mocrasmenn ycnos ce ceomm Ha alz +y| = |a(z+y)| =0, onakne cienn
r+y <1l Ipyrum peunma, ycnoBu 0<z+y<lu0<z+y < % CY €KBUBAJICHTHU, OJAaKJe claenud a = 1.

Haxie, jequna pemema cy naposu (a,b) = (0,0) u (a,b) = (1,1).

A Cy B

3. IIpso pewemwe. [IpaBa AzA; je oca cuMerpuje MOCMATPAHOT OCMOYTJIA, IMa C€ y OIHOCY Ha
By aujaronasa A;Ag npecaukasa y mnujaronany AsAg. Opmarie ciemu ma ce oBe IBe OUjaroHate
ceKy Oamr Ha ocu cuMmerpuje, Tj. Ha mujaroHaiau AzAz, mrTo je u TpeGaso morasaru.

Zpyzo pewewe. Kako cy uerBopoyriosu Ay A AsAs u A1 AgArAg jeqTHAKOKDPAKU Tpalesu, BasKu
A1A2 || A3A8 u A7A8 H A6A1, OOakrJe cJjenu A6A1J_A3A8, Tj. A6A1 je BUCUHA Y AA3A6A8.
Ananorno je AgAs BucuHA TOTr MCTOT TpoOyrJia. KoHauno, Kako je Taj TpOyrao jenHaKOKPak
(ca ocumoBunmom AgAg) a AszA; je meroBa cumerpadia yria (IITO CJIeM HIP. U3 IIOLYAAPHOCTHU
NAsA7As =2 NA3A7Ag, kojy mobujamo o craBy CCY), 3akmyuyjemo na je AsA; takobe Bucuna
y NA3AgAg. llakie, mocMaTpane Tpu aujaroHasie ce ceky y opronentpy AAzAgAs.

Ay,

A Ay
Omn 2019 1A 3
4. Ozmaumvo F = (n—4)(2n+2)(4n+1) = 8n3 — 22n? — 38n — 8. Ilo ycnosy 3anatka, u F mopa
6utu motnyH ky6. Kako je F mapan 6poj u ounrsienno Baxu F < (2n)3, ciema F < (2n — 2)3 = 8n? — 24n? + 24n — 8, mTo
ce ceomu Ha 2n? — 62n < 0, a omakie mobujamo n < 31. Ommax Bumumo xa je n = 31 jemno pememe (31 —4 = 27 = 33,
2.31+n=64=4%u4-31+1=125=53), a mupexTHO ce ncnpobaBa Ma MAamBUX pelleHha HeMa.

5. a) Oxrosop: ma. Onabepumo a = 2 u b = 2020, u pacmopemumo Mune xkao [RE[3[3[#[3[3[%, . , ¥3[3[H3[3[x
Ha LPTEXY Tope. EataBIEaE BRI EaBIEJESRIE]
b) Oxrosop: ma. Onpabepumo a = 3 u b = 3026, u pacHopeIrMO MUHE KAO Ha
uprexy noiue. (Ob6janmene: y IPBUX 5 KOJIOHA MMAMO YKYIHO 5 IO/ba 0e3 My~ [5] 4 [] 4 [3] 5 35 3 [ [RE 3 [ % FIEE
Ha. IIpeoctamux 2014 moma 6e3 MUHA Cy IPYIHCAHA y IAPOBE U pacmopebema  [SE[RE|4 335 S Q6 DTS o« F/3E/3E
y Hapenuoj 3021 kKoJIOHU IpeMa IPUKA3AHOM OOpacIy.) A A A 4544|4415 LEIE
¢) Ogrosop: me. IIpema ycioBy 3ajaTka, y OBOM Ciydajy OU CBAKO IIOJBE Om 2019 1A 5

KOje HeMa MUHY MOPAJIO MMATHU TAYHO jeAHOT Ccycema Koju HemMa MuHy. llakie,
CBa II0Jba KOja HEMAjy MUHY HA Taj HAYMH OM Ce MOrJa I'PYINCATUA Yy IapoBe, Ia CIeIN na UX YKYIHO He Moxke Omrtu 2019,
mTo je HemapaH Opoj.

Hanomena. Vicnmocrama ce ma 3a cBe 6pojeBe oxm 1 mo 8, ca uzy3erkoMm Opoja 7, mocTtoju Tpaskenu pacmopen. lome
npukasyjemo (Hexe Moryhe) KOHCTpYKIUje 3a mpeocTaiie CiIydajese.

RS S[R3 T3[R
R T1[1]T- = = [[3[1]1[1] 223 2]5 + o - H[2[ 2] O EGEGE T T 5D
a=1, b=23-1009 + 2 = 3029 a=1, b=2-2019+ 1 = 4039 a=2, b=2-2019+1 = 4039
oS0 3050 o e e 3 FIEEEEE
¥[6[6¥G[G6[6E, . K G666 SRS S SR 35 FIEAEE
AR EEEIEE EIEEIEIEES S H[SSE -« KIS
rr:ﬂtrr:}rr:ﬁxg r:}rrr_“xr .r‘.g.:‘.g.:‘.g..: :;.J‘:;.J‘
a=4, b=2020 a=3, b=2-2019 + 1 = 4039



Ilpyru pa3spem — A kareropuja

244496 __ 2410
16

=16 >
Tj. £1 = —1 m 2 = 2, mro 3maum ma je ¢pymrmmja f(z) ma cermenty [0,1] Hajupe HeraTuBHa 3a
z € [0,3), a motom mosurusHa 3a x € (3,1]. s ocobuna KBaapaTHe QyHKIMje 3HAMO Ha Ce HeH 3.

. 1 1_oq_1_1_o_ _1_aq.
, X Taj] MUHUMYM U3HOCU 8-, —2:-2—3 = g—7—3 = —g—3;

MUHUMYM JOCTUKE y TAUKY ° 5 6123

nakie, MakcuMyM uspasa | f(z)] 3a x € [0, %) usnocn 3+4. Ba x € (2,1] pynknmja f(z) je nosurusHa
u pacryha, ma mocTmxe MakcumyM 3a = = 1, u Taj MakcumyM ussocu 8- 12 — 2.1 —3 = 3; oBo je
yjemHo m MmakcuMyM m3pasa | f(x)| 3a x € (%, 1]. armre, MakcUMAaHa BPEIHOCT U3PA3a U3 ITOCTABKE

Ha unTepBagy « € [0,1] n3nocu 3 + % U JOCTWEE Ce 38 & = %.

1. Hocmatpajmo ¢pyrrmajy f(r) = 822 —22—3. Hhene myne cy y Taukama Ty =

1
T1+xy _
2

s jed®le

2. He moctoju. IlpermocTaBuMO CympoOTHO, Aa TakaB HU3 TMOCTOju. MoykeMO mpeTmoCTaBUTH,
0e3 yMamema OMIMTOCTH, 1a Y TOM HU3Y IOCTOjU HemapaH O0poj: 3aucTa, ako OM CBU UJAHOBU OUIU
napHu, Tanga 6u OHU CBU Ouau mesmuBu ca 4 (jep cy NOTILyHU KBaApPAaTH), Ma OUCMO IeJHEHEeM CBUX
YJaHOBA TOT HU3a ca 4 mo0Omian HOB HU3 KOju TakKODe MCHymaBa MOCTABJHEHE YCJIOBE; MOHABJHAKHEM
MOCTYIKa MO mOTpebu mobujamMo HU3 y KOM ce MojaBibyje Oap jemad mHemapaH OpPOj.

IToncerumo ce, cBu HemapHW KBaIparTw majy ocratak 1 mpu mememy ca 4. Heka je a jeman
HeapaH 4jaH IIOCMaTPAaHOT HU3a, U HeKa cy b, ¢ u d Hapemna Tpu wiana. Ako Ou um b Guo
Hemapas, Taga ou ¢ (momceTumo ce, ¢ = a+b) maBao ocrarak 2 npu gemeny ca 4 ma He 6u MOTAao
Ourtu moTmyH KBaapar, koHTpaauknuja. Ilakie, b je mapan 6poj, a Tana je ¢ Hemapan 6poj, Te je
u d wenapau 6poj. Ho, cana u3 ¢,d =1 (mod 4) cuaemn na 6u HAPDEIHM WiIaH HU3A MOPAO NABATHU

ocTaTak 2 nIpu Aesbemy ca 4, KOHTPAIUKIN]a. 0 ‘
0 1

3. Heka ynucana kpysxaura gomupyje ocuosuny AB y tauku N. Osnaunmmo © = AM = AN =
BN=BKuy=CK=CL=DL=DM. Heka AL u NL ceky MK y Ttaukama X u (), pemom. Om 2019 2A 1

Kako Bamu AAXM ~ AALD, muamo MX — % = ‘;“—%f = - 71j. MX = -2L: gako Baku

Y zt+y Tty
y O ALXQ ~ ALAN, y3 npumeny TanecoBe Teopeme mmMamMo XTQ = i‘(—f\? = % = % = ﬁ, Tj.
y XQ:%:MX.CJIG,ZIHMX:%MQ:%MK7Tj.MXZXK:123.

4. Kako Basnm |z|? = 2Z n |w|? = ww, cabupamem naTux jemHaKOCTH MOGUjaMoO

N d4+2i=z2Z4+ 2w+ w0 +zZu+z2+wW=2ZF+w)+0EZ+w)+z+w
=24+0)E+w) F2+T =2+ +2+@.
z B
O3zmaunMo 24w = a+bi, roe a,b € R. Tazna u3 mocaenme jennaxoctu nobujamo a?+b%+a+bi =
Om 2019 2A 3 4 4 2i, omaxne caemqu b =2 u 3atuM a® +a = 0. Haxie, a =0 nau a = —1.

Pasmorpumo mpso cayuaj ¢ = 0. Taga mmamo z + W = 2i, ma 3aMeHOM W = 21 — 2 U

w=2{—z=—2i{— %y OPBY jeAHAUUHY TOOMUjaMO

2460 = |22+ 2(=2i —Z) +2i — 2 = 2i — 2(1 + 2i).
Onasne caemu z = % =-2nw=2—2i.

Hexka canma Baskum a = —1. Tama umamo z4+w = —1+2¢, ma3ameaoM W= —1+2—zunw=—-14+2—2=—-1—-21—Z y

NpBY jeAHAUUHY TOOMjaMo

2+46i =22 +2(-1—-2i—2) —1+2i— 2= —1+2i — 2(2 + 2i).

3+4i  _ (34+49)(2-29) _ 6-6i+8i+8 _
—(2F20) =8 = 8 = _
Hakne, moctoje mpa pemema: (z,w) = (—=2,2 — 2i) u (z,w) = (=%, >3

OnaBne caenu z = Thi o — 329
AaBI A T

5. [IpumeTumo, Tabie ax 1 u 1 X b mpencrasibajy cuenujaHe clydajeBe KPCTOBA; TaKBe KPCTOBe heMo 3BaTu wmpagpme
(BepTUEANHE, PECIEKTUBHO XOpu3oHTAJHE). Kox ocranmux KpcToBa mpecek asejy Tabuau Koje ra cauumbaBajy HasuBaliemo
yenmap kpema, U TakBe Kpcrose Nemo (HakoH ynucusama 6pojeBa IpeMa yCIOBY 3aaTKA) JeJIUTU HA TOPUIOHMAARE, 8ep-
muxaake U YeHmpaite, Vv 3aBUCHOCTH O TOTa Aa ju je 0poj 1 ynucan, peCieKTUBHO, HETAe ¥ XOPU30HAIHO] KOMIOHEHTH
aJii BaH MEHTpAa, HerJe YV BEPTUKAJIHO] KOMIOHEHTU AU BaH MEHTPA, UIU Oall y MEHTPY.

3a 3amat 6poj n, mMOCMaTpajMO CBE KPCTOBE MOMyH:-eHEe OPOojeBUMa MpeMa YCIOBY 3aIaTKa, U HeKa je A Opoj XOpu3oH-
ranaux mrpadTu Mebhy muma, B 6poj nenrpasuux kpcroa, a C 6poj XOPU3OHTAIHUX KPCTOBaA. 300T cuMeTrpuje, yKyIaH
O6poj Tpasken y mocrasiu usnocu 2A + B + 2C.

Onpemumo majupe 6poj A. Ilpumerumo na je cBaku 6poj om 2 HaJAEe YOUCAH Y MOJLE WM HEMOCPEAHO JIEBO WU
HEIIOCPENHO NECHO On OJI0Ka Koju umHe OpojeBu npe mwera. Ha Taj HaAUMH MOKEMO CBAKO] XOPU3OHTAJIHO] MITPAPTHU IOIY-
HEHOj OpojeBuMa MpUAPYRUTU HU3 ciaoBa L m R myskume n — 1, a TpuTOM je jacHO U Aa M3 CBAKOT TAKBOT HMU3a MOYKEMO
jemHO3HAYHO peKOHCTpyHWcaTw Tmoaasny mrpadry. Haxme, A = 2771,



Cununo pauynamo u 6poj B. Bpoj 1 je ynucan y unenrap, a cBaku ciemehu 6poj je youcan Wiy y TOPEHEM, UIU Y
ECHOM, MU ¥ JOH-EM, WU Y JIeBOM ,,Kpaky “ (y jeanosnauno oapebenom nomy). Ilputom, ox cBux oBux Moryhaoctu Tpeba
OMy3eTW OHE KOje pe3yJTHpajy XOPU30HTAJHOM WJIU BepTuKadHOM mrpadrom. Cse 3ajemno, mobujamo B = 4771 — 24 =
4n—1 _ogn,

Konauno, mocmarpajMo cana xopuzontaiane kpcroBe. Heka je y menrpy 6poj k, k # 1. Tana cy 6pojesu oxm 1 mo k
CBU Ha XOpm30HTaJM, ma Ha Beh Buben mauwmn mspauymaBamo na 3a mux mocroju 28! moryhmocru; 3a mapemuux n — k
6pojeBa CAMUHO Kao paHuje BuAuMO Aa moctoju 4" F moryhmocTu on kojux Tpeba omy3eTH OHe Kaja Cy CBU OBK OpOjeBd
nopebanu ma xopusonTamu, mTo je 2" F pacmopema. Cse 3ajenso, ako je y menTpy 6poj k, ykymam 6poj moryhmocTu
tazma usHOCH 2FT1(4n—F — on=k)

Capma umMaMO CBe IITO je HEONXOMHO [a IPUBEAEMO PAYyH Kpajy:

n

2A+ B +20C =2" + (4n71 o 2n) +2 (Z 2k71(4n7k _ 2nk)> _ 4n71 4 on (Z(2nk o 1))

k=2 k=2

n—2
=41 4o <Z 2 — (n— 1)) =4t pon2nTl 1 —n 4 1) =4y on(2n T — ).
=0

Tpehu pazpem — A xkareropuja

1. [Ipumerumo:

_tgm+ctgm—2_tg$+tg%—2 tg?x —2tgx + 1 (tgx —1)?

M) = 773~ W7 —7r 53 (- Tot3ter (-3 Dtz

Kako Bamm 3 <7 <4, j. 3 <Z <1, uspas (4o —3)(z — 1), 1j. 4(z — 3)(z — 1), uMa HeraTUBHY BPEIHOCT 3a T U3 OKOJMHE

rauke §. C apyre crpame, (tgz — 1)? u tgx Cy HEHETATUBHU 3a T U3 OKOJIWHE TaUKe 7. Ilpema Tome, dynrrmja f(z) je

HeraTUBHA 3a T U3 OKoJuHe 7 U ¥ # §. Omrosapajyhu ucedax je oHaj KOju je JaT Ha CJIUNU CKPO3 IECHO.

2. Ilocmarpajmo Tauky P’ meHTpaJHOCUMeTpUYHY Tauyku P y omHocy Ha Tauky D. Uersopoyrao
BPCP’ je mapanenorpam, na sasku BP' || PQ. Kako je AABP’ jennakokpak (36or BP' = CP = AB),
ciemu LAPQ = LAP'B = AP'AB = £PAQ, tj. AQ = PQ.

3. Ilokasxkumo uajupe Ay = By. loBOJHO je mokazaTuy ma je IPUIPY-KABAHE

(bl,bg,...,bk)l—)(bl+b2—‘r...—i—bk,bg—‘r...—l—bk,...,bk_l—‘rbk,bk)

bujexknuja uzmebhy ckyma k-TOpkU Koje ypadyHaBamo y By u ckyma k-TOpKU Koje ypauyHaBaMo y Ag.
W zaucra, oBo jgako caemu u3 n = by +bog+ - +bp =>bo+ -+ b > ... 2bp_1+bp 20, >0m On 2019 3A 2

(b1 +ba+...4+bg)+ (ba+...+bg)+ -+ (bp—1 +bg) + b = by +2by + - - + kb, = d.
Hokaxxkumo caga nu By = By,—q. [lorkazahemo na je mpunpysxuBame
(bl,bQ,...,bk) — (bk_l,bk_g,...,bg,bl,nfbl 7...7bk)

bujekmuja mamehy ckynoBa k-TOPKM Koje OGpojuMo ¢ jeBe, OMHOCHO mecHe cTpaHe. M 3amcTa, OBO JaKO CIEaN U3 YNHCHUIE
Ia CyMa CBUX KOOpAWHATA Y k-TOPKMU C JECHE CTpaHe M3HOCHU N — by, mTo jecTe He Behe om n, u

bk71+2bk,2+--~+(k—1)b1+k(n—b1—...—bk):kn—b1—2b2—---—(k—2)bk,2—(1€—1)bk,1—kbk:kn—d.

4. Moxe 99, anip. 3a a1 =1wnma; =2t —23ai=2,...,100. Taga umamo by =by =3 ub;,=a; +1=2i—13a1 > 3.
Horaskmmo cama mga mehy OpojeBuma b; yBerk Mopa Outu 6ap 99 paznumumrux. Y 3MuMo, 0e3 yMamema OMNIITOCTH,
ap < ag < --- < aygg. O3HAUMMO
dz‘ = H3,H(CL1,CL2, ey Ag—15 Q4 1y -y aloo).

Hexka je dj majsehu meby Opojesuma d;. CBu OGpojeBu OocuUM MOKIA (f CY HeBUBU ca di, ma 3a j > i u i,j # k Bawku
aj —a; 2 dp 2> d;, Tj. bj > a; > b;. Haxne, cux 99 6pojesa b; 3a ¢ # k cy pa3nuauru.

5. a) Ilpeo pewewe. Hera je n memapan npupoman 6poj. Y KOIUKO 6u ce OH MOrao mpencrasutu y obnuky p?+q", Tana
61 MOpaIo BaRUTA p = 2 wiau ¢ = 2. Y mpBoM cayuajy mmamo n = 29 4 ¢" = 29 = 2 (mod ¢), na ako 3a n omabepemo
6poj obmuka 3% + 2, 3a mera 6u Mopaso BaxkuTu ¢ = 3; onarie 6u ciaemuno 3¢ +2 =23 43" =843", 7j. 3F"1 =24 3771,



a omasne umamo 7 = 1, mro je memoryhe (r mopa Gutwm mpoct 6poj). Ilakne, mujenan 6poj obauka 3F + 2 ce me mowmxe
npexncrasutu y obauky 27 + ¢". Pasmorpumo cama ciayuaj ¢ = 2, Tj. n = p?> + 27. Tana, 36or © > 2, Baxu n = p> = 0,1
(mod 4). Iakne, aujenan 6poj KOju maje ocTaTak 2 WM 3 TIpU Aesbemy ca 4 ce He MOe MPeACTaBUTH y obiuky p° + 27.

[IpuMeTHMO Ia YKOJIHMKO 3a n y3MeMo 0poj obmuka 9! + 2 3a mIpou3Bo/baH HEHETATUBAH Heo 0poj [, Baxku n = 32! +2 u
n=1+2=3 (mod 4), ma ce oH He MO:Ke TIPEACTABUTH HU y obamKy 2¢+¢", Hu y obmuky p® +2". Kako mocToju GeckoHadHO
MHOTO OpojeBa OBOr 0OJIMKA, OBUM je TBpheme moka3amo.

Lpyeo pewewe. Hera je n mpupoman 6poj obaura 6k + 5. YKOIMKO O ce OH MOrao mpeacTaBuTu y obauky p?+q", Tana
6u MopaJio BaskuTu p = 2 v ¢ = 2 (anu He 06a). Y npBoM ciydajy nmamo 2¢ = 2 (mod 6) n omatie 5 =n = 274q" = 2+q"

(mod 6), Te cama u3 ¢" = 3 (mod 6) mobujamo ma je jemuma moryhuoct ¢ = 3. Y apyrom ciydajy mmamo p? +2" =n =5
(mod 6); jemma moryhuoct je r = 2, a ako je r Hemapas mpocT 6poj, mmamo 2" = 2 (mod 6) u omma 5 = p? + 2" = p? + 2
(mod 6), Te y oBoM cayuajy Mopa BamuTu p° = 3 (mod 6), Tj. p = 3.

Haxrmne, cymmpajMo: ako ce 6poj n obsuka 6k + 5 MoO:ke MpeNCTABUTU ¥ TPaAKEHOM OOJIMKY, Tada MOPa BAKUTU j€THO
omn=24+3"=3"+8 n=p"+22=p +4umn=3>+2"=2"+9 (ur # 2). pumerumo, ako 6U TOAATHO BAKUIO
n =7 (mod 8), Tama cy cBa oBa Tpu cayuaja Hemoryha (upsu ce csomu 3" =7 (mod 8), anu neBa cTpaHa je yBek 3 uiau
1 mo momyny 8; mpyru ce cBom Ha p? = 3 (mod 8), agu MOTIYHW KBAAPATH HUKAAA HE Majy OCTATAK 3 MPU AE/HEHY Ca
8; Tpehu ce cBogu va 7 =9 (mod 8), rae cmo ropuctuau 2" = 0 (mod 8) 360r r # 2). Jlakie, HOBOJLHO je yTBPIUTU AA
noctoju 6eckoHaYHO MHOTO O6pojeBa obauka 6k 45 Koju majy ocrartak 7 mpu Ae/beny ca 8, a TAKBU CY CBU OPOjeBU 00JIUKA
241 4 23.

b) Ceaku mpupoman 6poj obmuka 4k ce Moxke mpenctaButu y obmuky 22 + 22 + - - + 22; cBaku npupoman 6poj obauKa
4k 41 3a k > 4 Mosme ce mpencrasutu y obmuky 22 422 + ... +22 4 23 4 32; caku mpupoman 6poj obmuka 4k +2 3a k > 8
MOKe ce IpeacTaBuTu y obmuky 22 + 2% ... 422 423 432 4 23 4 32; caku npupoman 6poj obmuka 4k + 3 3a k > 12 Momxe
ce mpencrasutu y obmuky 22 +22 4+ ... 422 423 4+ 32 4+ 23 + 32 423 4 32, Jlakse, mOoCTOjU CaMO KOHAYHO MHOT'O HPUPOJHIX
OpojeBa KOju ce He MOTY IPEACTABUTUA Y ODJIMKY TPAYKEHOM Yy MOCTABIM 33 TATKA.

YerspTu paspen — A kareropuja

1. Hera je S momuo:xje Bucune u3z D. Heka cy A;, By u C] nmomHo:kja HOpMAaJa
u3 S pemom Ha BC, AC u AB. Ha ocuoBy Teopeme o Tpu Hopmadte, u DAy, DBy u
DC4 cy mopmadgne, pemom, aa BC, AC' u AB. Onatane, L{DAS, {DB1S u £DC1S
cy muenapcku yruosu ¢ uBunama BC, AC u AB, ma cy OHU, IO YCJOBY 3aIaTKa,
Mebhycobuo nomynapuu; ozmaunmo ux ca . Cama mo cray Y CY mmamo ADSA; =
ADSB; 2 ADSC; (cBu umajy 3ajenuuuky crpanuny DS, jeman mpas yrao, u jenan
yrao 0). Oparne caemu SA; = SB; = SC; = r (1j. S je neHrap KpysKHUIlE yIUCAHE
y AABC, jep je S yuyrap AABC) u DA; = DBy = DCy = h, a Takobe u 7 = cosf.

E =
C P(ASAB) __ P(ASAC) _ P(ASBC) _ r _ 0 (i h
alla UMAMO BABAR) = PIADAC) — P(ADBC) — h — COS (jep cy r u h, pecueKTUBHO,

BucuHe y oarosapajyhum tpoyraosuma aa AB, AC u BC), na caemu P(ASAB) =
15cosf, P(ASAC) = 13cosf u P(ASBC) = 14cosf, a onarme 21 = P(AABC)
P(ASAB)+ P(ASAC)+ P(ASBC) = 15cosf + 13 cos 0 + 14 cos § = 42 cos §. Hobujamo
cosf =1, 1j. 0 =60°, u P(ASAB) =1 P(ASAC) =2 u P(ASBC) =T1.

N3 ropwmux omuoca caemu u AB : AC : BC =15 : 13 : 14 (jep ASAB, ASAC u ASBC cBu umajy BUCHUHY T, &
HoBpIIMHE Cy UM y HaBeneHoj nponopuuju). Osnaunmo AB = 15z, AC = 13z u BC = 14z. VI3 Xeporosor obpacua nMamo
21 = P(AABC) = 21z - Tz - 8z - 6x = 8422, onakne ciemu x = %, Tj. unp. AB = % Cana umamo h = % =30 — 4,

2
u ouma u3 ADSC, nobujamo DS = hsinf = 4sin 60° = 21/3. Konauno, 3anpemuna rerpaenpa ussocu: V = DS-P(AABO) _

3
2v/3:21 __
232l — 144/3.

Om 2019 4A 1

2. TaxBa xouctauta He mocrtoju. lIpermocTaBuMO CYmpOTHO: HEKAa je € jeHa TaKBa KOHCTAHTA, WU O3HAUUMO T, =
en— (bre(1) +bre(2) +- - -+ bre(n)). o npernocrasun, cBaky dnas HU3a (T, )nen je mo3utrBad. O3HAUNMO Yy, = Tpi1 — Ty =
¢ —bre(n + 1). IloueBmm o1 Hekor MHAEKCA N Basku Y, < 0, ma je on Tor umuAekca HU3 (T, )neN Oomanajyhu, cammm TuMm,
0Baj HU3 je orpaHuyeH oxo3ro. Kako Basku y, — —00, & HU3 (Tp)nen j€ OUPAHUYEH ONO3r0, Basxkuhe u Yy, + T, — —00 3a
n — 00, &N Yp + Ty = Tp+1, LTO je KOHTPAIUKIN]jA.

3. Ilocmarpajmo nBa rpana, Anatud n Bocunerpan. O3maummo ca o/ CKyI CBUX I'DaloBa y KOje ce MOKe CTUNU U3
Anaruna (He 06aBe3HO AMPEKTHO), yKILy4yjyhin u Anatun; Heka mux uMa n. V3 cBakor rpama m3nasu 25 auHUja, aau
cBe ocTajy yHyTap CKymna &, Tj. HAjeqHa He uae Hamosme (jep 6u ce y CympoTHOM U AO TOT I'Paja BaH CKyla .2/ MOTJIO
cruhiv u3 AnarvHa, na 6u, o meduHULM]U CKyna &, u Taj rpaj ouo y mewmy). Jakae, yHyrap &/ yKyIHO MMa TaYHO
25n auHUja, aau jJACHO je Ja MX YKYIHO He MO:Ke OWUTW BUIIe Of (g), na cienm 25m < (g) = @, Tj. n > 51. Aunamnorsuo,
CRyIl 4 rpanoBa u3 Kojux ce Moxke mohwu mo Bocuserpana, yrmyuyjyhu u cam Bocunerpan, uma 6ap 51 enement. [Ipema

TOME, CKyNnoBU & U 98 uMajy 3ajeIHUYKU eJIEMEHT, U IIPEKO mera ce Moske nohwu m3 Anaruna y Bocumerpan.



_ _ _ _ PB _ AB _
4. IIpso peweme. Osnauumo AB = CQ =bu AE = D(Q = e. VI3 mo3nare ocobuHe cumeTpase yria UMaMO pp = 45 =

2 = g—g. Hera ce XY u PQ cexy y tauku R. Tana nmamo:

7 _ (B +ORE | (RC+0RD _ o(RB+RC)+ b(RE + FD) _ 2RX + 270

b+e + b+e b+e b+e

)

ma KakKO BEKTOD C JieBe CTpaHe JieKr Ha npaBo] P(@), a BeKTOp C mecHe cTpaHe Jjexu Ha nmpaBoj XY, ciaemu ma oba Ta
%

BekTOpa Mopajy outu 0 ; npyrum peumma, RP = —RQ u eRX = —bRY , onarse cienu na je R cpemumre ny:xu PQ, kao
¥ 1a BaxKW IPOIOPINja giﬁ = g. Cana mpumehyjemo u na cy tauke A, T u R ronuHeapHe U Oa Bayku % = % ITpumenom

Menenajese Teopeme Ha AAX R u npaBy Y Z nobujamo:

B o O R
TR VE T 7% >

AZ 2 24E
ZX b4+e AB+ AE’

OoaRrJe cJjenqu

Om 2019 4A 4

Jpyzo pewemwe. O3uaunmo AB =CQ =bu AE = DQ = e, u meka je S cpemumre ny:xu PQ. Ilame, Heka npasa Kpo3 E
napaJsienna ca C'D ceue mpaBy QY y tauku K, a mpaBa kpo3 B mapanenna ca C'D ceue npaBy QX y tauku L. Ouurienno
Basku AYQD 2 AYKE u AXQC =2 AXLB, onakne cienu KY =YQ, LX = XQ, KE=QD =e¢u LB =QC =b. Karo

je AP cumerpana {BAFE, cienn g—g =i= %. N3 oora u KE | CD || LB caemu APEK ~ APBL, onakie nobujamo

LAKPE = ALPB, tj. tauke K, P u L cy ronuneapne. lame, XY je cpenma auauja ALQK, na rako je S cpemumre moy:Ku
PQ, canequn na S mpunana npasoj XY (tj. PQ u XY ce cery y tauku S). ¥3 1o, u3 XY || LK nmamo %% = % = % =

[Mocmarpajmo caga AAY X. Heka napanena us S ceue YZ y G. U3 ASGT ~ NAZT cnemn % = % = %, 1j. GS =
zZX

: ZX _ XY _ XS+SY _ XS _b _ bte .: _ bte
Hame, uz AYGS ~ AYZX nobujamo &g = 5y = oy = oy t 1 = ¢ +1= 225, 1j. Zz = Iakne,

|
[\?‘Em.\w

AZ 2 24E
ZX b+e AB+ AE’

5. Ozmaummo S = vVb++/c+Vd. Baxu S? = b+c+d+2vbe+2vbd+2vVed<b+c+d+ (b+c)+ (b+d)+ (c+d) = 3(b+c+d) <3,
Te mmamo S < V3.
Hpwmvermvo, 6M = (b — ¢)? + (¢ — d)? + (d — b)?. IlpuTtom Bakm
(b—c)? = (Vb +Ve) 2 (Vb — ) = (b+ ¢+ 2Vbe) (Vb — )2 <2(b + ¢) (VD — ve)? <2(Vb — e)? = 2b+ 2¢ — 4Vbe
ananorso, (¢ —d)? < 2c+2d — 4ved u (d — b)? < 2d + 2b — 4V/db, na cabupamenm cieu

2 1 1
a+M<(1—b—c—d)+§(b+c+d—\/17—\/£—\/%)<1—§(b+c+d+2¢%+2@+\/%):1—§52.

Ocraje noxazaru HejenHAKOCT 4/1 — %SQ+S<2, Tj. y/1— %SQ<2—S. Haxkon kBagpupama ocraje 1—%52 <4-45+52,
Tj. 452 — 128 +9 > 0, a oBo jecre 3am0BoMmeno 360r 452 — 125 +9 = (25 —3)2 > 0.



IIpBu pa3pen — B kareropuja

1. a) Hajsehu 6poj koju ce moske cacraButu ox ose vermpu uudpe je 9921; kako je OoH mesmuB ca 3, TO je yIPaBo
TpasKeH! OATrOBOP.

b) Ykoauko Ha mpBe ABe MO3WIWMje cieBa cTaBuMoO nse Hajselie mudpe, Tj. 99, Karo 3 | 9 + 9, 3akmydyjemMo ma Ha
npeocTaje ABe mosunuje mMopajy nohw mse nuppe uuju je 36up memus ca 3 (kako 6u meo Gpoj 6uo memus ca 3), a MTO
ocraBsma Moryhuocru 21, 12 u 00. Hakme, 9921, 9912 n 9900 cy majseha Tpwm ueTBOpomUppeHra Opoja gesuBa ca 3 Koja ce
MOI'Y CaCTaBUTHU O MOHYDeHux mudapa, ma ciequ na 4erBpru HajBehu Opoj mma Ha APYroj HO3UIUjU TUPPY PAZIAIUTY
on 9. Cuneneha majseha mudppa Kojy MOkeMO cTaBUTU HA APYTY MO3UIM]Y je 2, ma YKOJIWUKO Ha Tpehy MO3uIujy CTaBUMO
mwmdpy 9 (¢ mumem ma 6poj Oyme mro Behn), Ha yeTBpry mo3mmmjy onma Mopa mohim mmudpa 1 (36or memusoctm ca 3).
Haxrne, onrosop je 9291.

2. O3HaunMO ca T yKyIaH 0pOj CTaHOBHMEA Ha mperxomHoM momucy 3019. Mymkapana je 6umo 2

5

3, a on mux je 10%
1 _ xT . .
uMaso 75 Wiy BUINE TOJWHA, IITO YMHU - 15¢ = 5. sHema je Omio ykymmHO g, a on mux je 4% wmano 75 wam Bume
3 4 3z 3x __ 3lx

_ . B . .
TOMUHA, MITO YUHU 3 7557 = 505+ Jlakie, YEyIHO je 6uio 15 + 555 = Y55 ©coba ca 75311/?11/1 BUIle ToanHa. Kako oBaj Opoj

npexacrasiba 7% HOBe momystamumje, koja je 3a 300 Beha ox crape, mMamo jemHaumHy 55 = ﬁ(z + 300), mro ce cBOmU Ha

3z = 8400, Tj. = = 2800. Harue, ['opwe 3yue je ma monucy 3019. umaio 2800 craHOBHUKA.

3. [Tocroju. ¥Y3mumo vnp. a = b = 2019,9 u ¢ = 4039. Kako Baxu a + b = 4039,8 > ¢, mocToju Tpoyrao ca crpaHumama
a, b m c¢. Mebhyrum, mmamo |a] + |b] = 2019 4+ 2019 = 4038 < 4039 = |¢|, Te oBako onabGpanu Gpojesu a, b u ¢ ucHymasajy
yCJIOBE 3a,IaTKA.

4. Ogrosop: 20 Henmesma. Hera je a moueTHa KONMMUMHA TpaBe HA JUBAOU, a b KOIWYMHA TpaBe KOja M3PACTE y TOKY
jemue mememe. O3HAUMMO ca p U ¢, PEIOM, KOJUYUHY TpaBe KOjy y TOKYy jeIHe Hemesbe Tomnace jemHa 0eja, OIXHOCHO
npHa KpaBa. Y CJIOBe 3aJaTKa cala MOKEeMO IpeBecTu y jemHauwue a + bb = 5(p + 2q) u a + 2b = 2(3p + 4q). U3 upse
jemHauuHe cienu p = @, ma yBPIITABamEM OBOTA y APYry mobujamo a + 2b = 6 - w + 8¢, mTO ce cBOIM HA
5a + 10b = 6a + 30b — 20q, Tj. a + 20b = 20q. MebhyTum, oBO 3HauUM ynpaBo na je koauumHa TpaBe obe3bebhena ma nuBamu
TorkoM 20 HemeJba TAYHO NOBOJLHA Ja jeqHa IpHA KpaBa mace 20 Hemesba, yuMMe je 3aaTaK PEIIeH.

5. Crpany 3a Becuny u TI'opama moskemo m3zabpartu Ha 2 HauWHA, MO3UIU]y HBUX KAO Mapa HAa 3 HAUYMHA U HUXOB
Mebhycobuu pacmopen Ha 2 HauMHA, Tj. BUX MOKEMO pacnopemutu Ha 12 mauuba. Axo Ama u Bawme ceme ca cymporhe
crpase y oxHocy Ha Becny u ['opana, moskemo mx pacmopemntu Ha 12(= 4 - 3) Haumnua; ako Ana u Dame cene ca ucre
crpane kao Becna u 'opan, MokeMoO ux pacmopemutu Ha 2 HaumHa; ako Aua u Dame ceme ca pazauuuTux CTpaHa, Taua
no3unujy Ha crpaHu rme cy Becua m ['opam moxkemMo omabpaTu Ha 2 HAUMHA, 3aTUM KO Ne OO HUX ABOje OUTU Ha TOj
MO3UIMJU HA 2 HAYMHA, U KOHAYHO MO3UNUjy 3a ApYry ocoOy Ha 3 maumna. lakmae, Any u Danera MokeMO pacropeauTu
Ha 1242+ 2-2-3 = 26 mauuna. 3a ocraja 4 rocra mocroje 4 ciobogHa MecTa, TaKO Ja HBUX MOMXKEMO pacrnopenutu Ha 4!
HaumHa. Konauno, yrkynan 6poj pacmnopena je 12 - 26 - 4! = 7488.

Ipyru pa3spex — B kareropuja
1. TTocmarpanu uspas Mo:keMo 3amucarn y obauky (2016 — 3)(2016 — 1)(2016 + 1)(2016 + 3) + 16. Muoxehn 1. 3arpany
ca 4. a 2. ca 3. mobujaMo ma je Taj m3pal manbe jeTHAK:
(20162 — 3%)(20162 — 1) + 16 = 2016* — 10 - 2016 + 9 + 16 = 2016* — 10 - 2016* + 25 = (2016> — 5)?,
mTo je m Tpebayio MOKa3aTu.

2. Ja Ou mocmarpaHu m3pa3 OMO IMO3WTUBAH 33 CBAKM peajlaH Opoj x, koedurujeHT y3 Bomehwm unaH Mopa Outu
no3uTuBaH, Tj. k > 0, U IUCKPUMUHAHTA MOpa OUTU HEraTWUBHA, Tj.

0 > (4k)? — 4k(k* + 2k — 3) = —4k> + 8k? + 12k = —4k(k* — 2k — 3) = —4k(k +1)(k — 3).

Nmajyhiu y Buny panuju ycaos k > 0, oo ce cBomu ua (k+ 1)(k—3) > 0, 1j. k € (—00,—1) U (3,00). Byayhu ma mac
3aHUMAjy CaMoO NMO3UTUBHE BPENHOCTU Kk, KOHAUHO pelleme 3axaTka je k € (3,00).



3. Hera je d pacrojame om apsera mo Oammepe, a h BucuHa bammepe.
Nmvamo h:(d+5)=5:5u h:(d+15)=10:15. Onarae cnemu d+5=h un
d+15 = %h, ma gobujamo h + 10 = %h u h = 20. [Harse, Gangepa je BUCOKa
20 metapa.

4. Ilpso pewewe. Ilpumerumo, ako je (x,y) jeJHO pelleHme IOCMATPAHOL

cucrema, OHIA Cy pememna u naposu (—x, —y), (y,z) u (—y, —z). Kako cucrem Omn 2019 2Bd3 15
MOPa UMATHU TAYHO IBa PENIea, HEKU Ol OBUX IApOBa MOpa]y OUTH jeTHaKu.

Y cayuajy (x,y) = (—z,—y) mobujamo x = y = (0, WTO OUYUIIEIHO HUjE

pememe. Y cayuajy (z,y) = (—y, —z) mobujamo x = —y, 1j. x +y = 0, na ouurienHo Hu OBO Huje pememe. lakie, ocTaje

(z,y) = (y,2), 1j. * = y. Tanga ce npsa jenmaumsa csomu Ha (27)? = 12, 1j. * = +v/3(= y), a u3 apyre onma KobuUjamo
2(a+1) = 222 = 6, 1j. a = 2. Ilakse, jeauHA TaKBa BPEIHOCT TMapaMeTpa @ jecTe a = 2, W Taja CUCTEM WMa pPelema

(ac,y) € {(\/ga \/3)’ (_\/: _\/g)}

Apyeo pewewe. OnysumameM apyre jenHaduse o1 npse nobujamo 2zy = 10—2a. Y cayuajy a = b caemuio 6u x = 0 uan
y = 0, Te GUCMO yBpIITABAKEM OBOTA Y IPBY jemHaunHy nobuau 4 pemema: (z,y) € {(0,2v3), (0, —2v/3), (2v/3,0), (—2v/3,0)}.
Iaxrmne, BpensocT a = 5 HaMm He oxrosapa. Hanasme npermocrasmamo a # 5. Tanma MoxeMo u3pasutu y = 5%“ YBpmrasa-
HeM OBOTa y Apyry jenHaunuy mobujamo 2+ (22%)2 = 2(a+1), 1j. z*—2(a+1)2?+25—10a+a? = 0. YBemumo cmeny x? = t.
Ila 6u TpeTXomHA jeIHAUMHA MMAJa TAYyHO ABA Pelema 3a T, jeIHadYrHa HakoH cMmeHe: t2 — 2(a + 1)t + 25 — 10a + a? =
0 Mopa MMaTH TAYHO jemHO pememe t, MTO 3HAYM Oa HeHa AuckpuMuHaHTa Mopa Owmtu (. duckpmMuHAHTA M3HOCU

4(a +1)% — 100 + 40a — 4a? = 48a — 96, na je oma jemmaka Hymu jemuno 3a a = 2. Taza umamo t = % = 3 u omatie
r =+t = i\/g, a IOTOM U Y = % = +/3. Iakne, jenquHa TakBa BPEIHOCT MapaMeTpa a jecTe a = 2, U Tada CUCTEM UMa
pemema (z,y) € {(v/3,V3), (—V3,—V3)}.

5. a) Ogrosop: ga. Onabepumo a =3 u b= 2-2019+1 = 4039, 1 pacmope MO 33|33/ RE[3¥[% 0| 1|1 )

: : ¥ S| S|HSH o o K I3

MUWHE Ka0 Ha MPTEXY Tope. (3anp'aBo, moryhe je ma Ouso kakBoj Tabau a X .b, f gﬁ gf J}: gf gf
rme cy a u b noBosbHO Besuku GpojeBu, omabparu npousBossHux 2019 mossa Koja
Hucy Ha uBMIM 1 MeDy KojuMa HHMKOja nBa HUCY CyCelHA, M Ha CBa IPeOCTaa
MOJba MOCTABUTHU MUHE. ) bl a e e ak e b a e i

b) Omrosop: He. IIpema ycioBy 3amaTka, y OBOM CiydYajy OM CBAKO IOJbE i‘f gi‘f gﬁ‘f} gi . . :;6* g 3‘9 g::
KOje HeMa MUHY MOpaJiO MMAaTW Ta4vHO jeJHOTI cycela KOoju HeMa MUHY. Jlakrie,  [g/ue/xe a3 a3 a2 6308 (208 [0 (2
CBa MOJba KOja HEMAajy MUHY Ha Taj HAUWH OU Cce MOIJia IPYIUCcaTH y IMapoBe, Ia Om 2019 25 5

ciaemu na ux yKymHO He Moxke Ourtm 2019, mro je Hemapan 6poj.
¢) Omrosop: ma. OmaGepumo a =4 u b = 2020, u pacmopeauMO MUHE Ka0 HA LUPTEKY TOJIE.

Hanomewna. VicocraBiba ce na 3a cee 6pojese ox 1 mo 8, ca m3y3zerkoM Opoja 7, mocToju TpamkeHu pacuopen. Bumeru
pememe 5. 3amaTKa Y IPBOM paspeny A kareropuje, Kao U HAIOMEHY HOCJIE PeIlema.

Tpehu pa3pen — b kareropuja

1. Basxn
1
sin 80° — sin 20° + sin 50° = 2sin 30° cos 50° + sin 50° = 2 - 3 $in 40° + sin 50° = 2sin 45° cos 5° = v/2sin 85°,
na je n = 85 jeoWHO peleme 3a0aTKA.

2. Herka je N mpyra Tauka Tpeceka NOCMATPAHUX Kpy:kHWIA. J[OBOBHO je mokasaru
ABNM + ACNM = 180°. U 3aucra, vHa ocHOBY TeTuBHOCTU deTBOpoyriosa BNMA u NCDM

nMaMoO

. . ABNM + £CNM = (180° — £BAM) + (180° — £CDM)
( | = 360° — ({BAM + £CDM) = 360° — 180° = 180°,
On 2019 3B 2

mTo je m Tpebayio JOKa3aTu.

3. Uz H3(a,b) = 10 3akmyuyjemo ma je 5 uajBeliv memapan 3ajeIHUYKU OeIUIIAL 33 G
u b, na je 5 majsehu menapan 3ajemumuru menumnan u 3a a u 2b. Hakae, na 6ucmo mspauysanu H3I(a,2b), Tpeba jom
yrBpauTy HajBehin crenen nBojke koju meau m a u 2b. iz H3(a,b) = 10 3armyuyjemo na cy 6pojeBu a u b messusu ca
2, anu mucy oba ca 4. C apyre crpane, u3z H3(a,b + 2) = 12 3akmyuyjemMo na je a memus ca 4, ma b Huje nemus ca 4.
Ilakne, a u 2b cy nemwusu ca 4, amu 2b auje nemus ca 8, na caenu H3I(a,20) =4 -5 = 20.



Cnuuno, uz H3(a,b) = 10 cnemn na a m b Hucy ucroppemeno nemusu ca 3, a u3 H3(a,b+ 2) = 12 cnemu na je a
nesmus ca 3, onna b Huje memus ca 3. Ilakae, a u 3b cy memusu ca 3, anu 3b Huje memus ca 9, na us Tora u H3(a,b) = 10
nobujamo H3II(a,3b) = 30.

Haxae, H3(a,2b) + H3(a, 3b) = 20 + 30 = 50.

4. Crpany 3a Becmy m IN'opanma moxkemo m3abpartu Ha 2 HauuHA, MO3UNWAjy HBUX KAO Mapa Ha 3 HAUMHA U HUXOB
MeDhycoOHu pacmopen Ha 2 HauMHA, Tj. BUX MOKEMO pacmopeauTu Ha 12 maumna. Pacmopemumo cana Amy u Danera.
Ha crpanu rae cy Becna u 'opan mocroje mBa cioGomua mecta, na mosunujy Amne m Damera moskeMo omabpaTy Ha ABa
Ha4MHA, & 3aTUM U KO he cemeTw C KOje CTpaHe Ha ABa HauwHa. [lakie, BUX MOKEMO pacmopenuTyd Ha 4 HAUMHA. 34
ocraJyia 4 rocra mocroje 4 cnobomHa MecTa, TAKO Oa HmUX MOKeMO pacunopemuTtu Ha 4! maumna. Komaumo, ykymam 6poj
pacnopena je 12 -4 4! = 1152.

5. a) IlomHOkMMO 00e CTpaHe MOYETHE jeNHAKOCTH Ca 1089015 2019. Kopucrehu dopmyny log, 2018 - logyy s 2019 =
log,, 2019 (u camuro 3a log, 2018 u log, 2018) ommax mobujaMo TpaskeHy jeIHAKOCT.
b) V3 nouerne jeqHakocTu cieau

bloga 2018+log, 2018 _ b2 log;, 2018 _ (blogb 2018)2 — 20182

Cana omarie qobujamo

(12 _ (201810g2018 a)2 _ (20182)10g2018 a _ (bloga 2018+log,. 2018)log2018 a _ bloga 2018-logyg, g at+log, 2018-logyy,5 a

— lerlogC a _ (blogb c+log,, a)logc b _ (blogb [ blogb a)logcb — (Ca)lOgC b7

mwro je m Tpebasio MOKa3aTH.

Yerspru paspen — B kareropuja

1. [Tpumernmo, 1+94+0+14+24+0+4+149 = 23. [la 6u cacraBisenu Opoj 6ro nemus ca 9, u Heros 30up nudapa Mopa
burtu nmemus ca 9. Ilakmie, 36up nudpapa GpojeBa Koje mocMarpamMo Mopa m3nocuru 9 wawm 18, 1j. Hemcropumhene nudpe
y 30upy mopajy maBatu 14 mnm 5. Heucrkopumhenux mudapa, no ycaoBy 3amaTia, Moxe Outu HajBume 4. [Ipumerumo
na HuKoje 4 HUTH Mame ol OBUX nudapa He MOry gasaru 30up 14 (3aumcra, y Tom ciyuajy 6u meDy muma mopaua 6utu
madpa 9, u jom HajBUme TpU nUdpe Koje y 36upy najy b, anu 6poj 5 ce He MOKe DOOUTHU KAao 30Up TpU OJ OBUX mudapa).
Ilame, 6poj 5 ce kao 30up HajBUIIE YeTUPU O OBUX Iudapa Moxke nobuty Ha jemno3HavaH Hauwma: 2+ 141+ 1. Onparie,
jemuHy HaYMH na O OBUX Im(papa cactaBuMo bap derBopouudpeH 6poj memus ca 9 jecre ma ombarmumo nudpe 2,1,1,1
u 6poj cacraBumo ox mpeocrasux mudpapa: 9,9,0,0. Ha opeoj mosunuju cieBa mopa Outu nmudppa 9, a 3a HapemgHe TpuU
nosunuje umaMo 3 Moryhuocru (y 3aBUCHOCTH OJ TOTa Ha KOjOj Ol BUX je mpeocrana mudpa 9). dakie, nocroje yKyIHO
3 raxBa 6poja: 9900, 9090 u 9009.

2. [lomTo pemema Tpeba ma Gymay peasHa U pa3indUTa, TUCKPUMUHAHTA MOpPa 6uTu mosutusHa, Tj. 0 < (3m)2 —16(m+

1)m = —7m? — 16m = —m(7m + 16), omaxme mobujamo m € (7$,0). Hera cy x1 u x4 pemema mocMaTpaHe jemaHauUHE.
W3 BujeroBux ¢opmynia mMamo iy + o = W%Tl U 1%y = ﬁ—:’_‘l. Kako oba pemema Tpeba ma O0ymy Beha om —1, 6pojeBu

z1+ 1 u 2 + 1 Mopajy Gurn mosurmsHm, mro 3Haun (1 + 1) + (2 +1) > 0 n (1 + 1)(z2 + 1) > 0. Omarae mMamo
0< a1 4+a9+2= ni—Tl—i—Qz % nun0<zizo+zi+ro+1= Tﬁ—ﬁ—i—ﬂi—ﬁ—i—l = Smm—jll. IIpBa HejeIHAKOCT ce CBOIM HA
m € (—oo,—1)U (—%,oo), a npyra Ha m € (—oo, —1) U (—é, o0). lakne, y3umajyhu mpecek cBa Tpu nobujeHa CKyla 3a m,

nobujamo Ja je KoHauHO pememe 3agatka: m € (—32, —1) U (—1,0).

C

3. Y cBakoM TaHreHTHOM uyeTBOpoyriy Baxku AB + CD = AD + BC, na cabupameM OBe

jeMHAKOCTHU ¢ OHOM HaToM y moctaBuu mnobujamo 2AB = 2BC, tj. AB = BC. Ananoruo, AD =

DC. Cana us craa CCC mobujamo AABD = ACBD, onakiue 3akmyuyjemo £ DAB = L DCB.

Ho, xako je uerBopoyrao ABCD tarobhe terusan a {DAB u £ DC'B cy nBa meroBa HaCIpaMHa

yria, suxoB 30up usnocu 180°, na ciaemu na cy L DAB u £ DC B upasu yriaosu. Ilakie, Tauke
A u C nexe HA KPYKHUIM HA NpedyHukoM BD, mTo je u TpebGaso mora3aru.

4. Hera cy z1, To m x3 pemema INOCTaBJbEHE jeNHAUUHE, T] < T2 < T3. VI3 BujeroBux
dbopMysa mMaMoO 1 + To + T3 = 3a, T122 + T1T3 + Toxz = 2a% + 5 u x12923 = 2a® — 3. Kako
penrema Tpeba ma YnMHE apUTMETUYKY MPOTPECU]y, MOKEMO 3alUCATh X1 = Lo —d U T3 = To+d Om 2019 45 3
3a Heku peaJsiaH Opoj d, d > 0. Taga ce mperxonse Tpu (popMyJie CBOLE HA

320 =3a, 325 —d*=2d>+5 wu x5 — x9d® = 2a> 3.



W3 npBe on mux onMax mobujamo ro = a. pyre nBe ce omma cBoze Ha

x%—2a2+3_a3—2a2+3
9 o a '

d*> =322 -2 -5=3d> 20> -5=a*>-5 u d*=

Hame, yBpmiraBameM To = @ Y jeTHAYNHY M3 MOCTABKE 3aAaTKa TOOUjaMO

0=a®—3a®+ (24> +5)a — 2a*> + 3 = 5a — 2a* + 3,

omame crema q = —EY2EH — =547

SET 1j.a=—1 umm a =3. Y cayuajy a = —1 caemuno 6u d? = (-1)2-5=-12 <0, na

2 2
MOCTaBJLEHA jeIHAUMHA He OM MMaJia CBa peajHa pemema. Y cirydajy a =3 umamo d? =32 —5=4 (u d? = &3‘32” =4,
mTO je ucto), Tj. d = 2; mocraBmena jeaHaunHa Taga raacu 5 —9r2+23r—15 = 0, u mena pemema cy ¥y = ra—d = 3—2 = 1,
$2:3H1’3:$2+d:3+2:5

Iaxkie, jenuHa TakBa BPEAHOCT mapaMerpa a jecTte a = 3.

5. Bpoj j j k Opoj 10...0 99...9
POjeBU KOju y MEKATHOM 3aIucy MMajy TadHo k mudapa Cy ympaBo CBU MPUPOTHU GPOjeBM O 10 ,

k — 1 nyra k myra
tj. om 107! no 10¥ — 1, m mux mma (10F — 1) — 10*~! + 1 = 10* — 10*~!. TIpema Tome, rpymumyhu jemmakxe cabupke
nodujamo:

2019 2019 2019 2019 2018
bre(1) + bre(2) 4 -+ 4+ bre(99...99) = Y k(10F 10771 =Y " k10F = Y k1087 =) " k105 = ) (k+ 1)10
2019 myTa k=1 k=1 k=1 k=0 k=0
2018 2018
=2019-10%°" + 3 "(k — (k+1))10* = 2019 - 107" — Y " 10*
k=0 k=0
102019 -1
=2019 - (10%°* — 1) +2019 — ————— =2019-99...99 42019 — 11...11,
9 N—— ——
2019 moyra 2019 nyra

mTo je m Tpebayio MOKa3aTH.



